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Consider a basin with remaining undiscovered fields, in which both field sizes and their number are uncertain. Assuming that the probability
of finding a field is increasing in its size, we show that the expected size of the first remaining field discovered, which is of particular
importance, is increasing in the variability of field sizes, and results from a simulation model of exploration illustrate this trend for the first
several fields discovered. We also provide simple bounds on the expected size of the first field discovered. It seems that more information
(less variability) leads to less value-—something unexpected. We explore and explain this seemingly counterintuitive result.

S uppose that the probability of selecting an item from
a set is increasing in the item’s size. A case in point
is the hydrocarbon discovery process, where it has been
observed that the probability of discovering a particu-
lar field within a basin is increasing in the field’s size
(e.g., Arps and Roberts 1958, Barouch and Kaufman 1976.
Power and Fuller 1991). This is akin to other common
observations, like finding a grownup’s socks in the wash
before the baby’s or quarters in your pockets before the
pennies. How would then the expected size of an item
selected (first) of those remaining be influenced by the
variability of sizes? We prove that even for a population
with a fixed mean the expected size of the item selected is
increasing in the variability. Thus the more uncertain the
sizes of remaining fields, the larger the expected size of the
field found first. This observation has a seemingly counter-
intuitive implication for hydrocarbon exploration, since it
seems to imply that improved geological knowledge of a
certain type, i.e. which reduces field size uncertainty and
leaves mean field size unchanged, will reduce the expected
size of the first field found. Loosely speaking, it seems that
more information leads to less value—something rather
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unexpected if we are accustomed to prefer less variability,
e.g., in financial decisions. In this paper, we explore and
explain this seemingly counterintuitive result.

We also derive simple upper and lower bounds on the
expected size of the next field found.

The expected size of the first, or first few, remain-
ing fields discovered in a basin is particularly impor-
tant because although all, or most, of the economically
viable fields will eventually be discovered with enough
exploratory effort, discounting of potential values of dis-
coveries makes the early ones of greatest interest. Faced
with a choice between drilling expensive exploratory wells
in one basin or another, a company’s decision may depend
on the expected sizes of the first few discoveries in the
basins. The actual size(s) of the first field(s) discovered
may not follow this pattern but the observation that their
expected size(s) do is informative for planning purposes.

THE MODEL

Let X, X,,... be identically distributed nonnegative ran-
dom variables, and let N be a positive integer-valued ran-
dom variable, independent of the X,’s. In the context of
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the hydrocarbon discovery process the X,’s are the field
sizes, and N the random number of remaining fields, in
an unexplored basin. Note that we do not require that the
field sizes be statistically independent. In the geological
literature on statistical analysis of hydrocarbon accumula-
tions, the notion of field size distribution is widely used
(e.g.. Arps and Roberts 1958, O’Carroll and Smith 1980,
Smith and Ward 1981, Schuenemeyer and Drew 1983, Lee
and Wang 1985, and Power 1992). For example, a log-
normal distribution is frequently employed to represent the
probability that any given undiscovered field in a basin is
less than or equal to a certain size. The field size distri-
bution summarizes geological knowledge about potential
field sizes in a basin, but it does not represent the num-
ber of undiscovered fields that might exist. The number
of undiscovered fields is itself uncertain, in the sense of
being unknown to us, and may be represented by a random
variable.

For each realization x,,...,x, of the above variables,
we sample one of these realized values, in the hydrocar-
bon discovery process that corresponds to the first field
discovered. It has been documented in geological liter-
ature (e.g., Cozzolino 1972, O’Carroll and Smith 1980,
Smith and Ward 1981, Lee and Wang 1983a,b, Attanasi and
Drew 1985, Drew et al. 1988, Power 1992) that the prob-
ability of choosing a particular x; tends to be proportional
to x?,B > 0, and thus increasing in x;. Thus, for a given
realization x,,...,x,, the expected \alue of the variable

sampled is
n B n B+1
Zx Xi _ Lisi X 1)
i n B - n B
i=1 Zj:lxj Zj:lxj

Thus prior to the realization, the expected value (size) of
the variable (field) sampled is

E Z:\' | XB—H
N.X).Xq, ... ZN XB

s xe
ZEN[EX,.XQ,...[ N‘

% N}l

X{BH
:EN NEX,,XZ,.A. WN s (2)
j=17

where the first equality is due to the independence of the
X;’s of N and the second equality follows from the fact that
the X,’s are identically distributed. (We selected X, arbi-
trarily as a random field size.) Note that despite the multi-
plication by N on the RHS of (2), the quantity corresponds
to the expected size of a single field, as it evolved from the
LHS expression.

The distribution of the random number of remaining

» :"ﬁelds N will remain fixed throughout. The common distri-
.buuon of the X;’s, denoted by F, will be varied. We are

& interested in how the quantities

: B+
3 E(ZX—)}B—) Ec(n)
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are influenced by the variability of X;, i.e. by making the
distribution F more (or less) variable. That corresponds to
the implications for first discovered field size of the uncer-
tainty in field sizes. Note that while Ep is the quantity in
which we are ultimately interested (expected size of first
field discovered), nE(n) would be the expected size if the
number of fields was known to equal n.

While our work was motivated by hydrocarbon discovery
issues, the expected size of the first “target” found could
also be relevant in other mining apphcatlons as well as
search and detection problems.

UNCERTAINTY VS. CERTAINTY

First, we shall compare a situation with (arbitrarily) uncer-
tain field size to that of known field size. The known size
will be assumed to be equal to the expected size of the
uncertain case. While the result here is implied by the more
general ones given later, we chose to present this case first
since it 1s easier to relate to.

PROPOSITION 1. Ep(n) > E(X,)/n for any B 0.

PrOOE. Forany i=1,...,n,
E< X, xF ) E{ X, . x*
S XP XP e xBym (xPy 4 xPyis
1 B
<{E X }
= +1
(XP 4 xE B
. xf‘% G
(XP 4o xBY
(o
P +xE)

where the inecuality above is an application of Holder’s
Inequality (e.g., Rudin 1976, p. 139), and the last equal-
ity follows from the fact that X,,..., X, are identically
distributed.

Thus

B+1
EF(n):E(lei—i——Xf>
;1[E<__)L)++E<_X_Xi_)]
n| \XP 4+ XP XP ot xf
=;11‘E(X1)~ - . : []
It follows from above that
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If all fields hiad been of the same known size E(XI)
the expected size of a field sampled would “of, course,
be E(X,). Thus inequality (3) asserts that this ‘certain case
has the lowest expected size sampled. Uncertainty in field
size increases (or at least does not decrease) the expected
size of the field found first.

Note that the above result does not impose any restric-
tions on 3 beyond nonnegativity; some later results do.

BOUNDS

The above discussion provided a lower bound on the
expected size sampled. One can also provide an upper
bound:

PROPOSITION 2. Ep < E{max(X,,..., Xy}
Proor. By (1)

E, _E<V£X X7 )

PP

But

N X_B [>’

ZX: — < max(X,, .. N)Z

i=1 Zj\:le i=1 ZJ 1
=max(X,, ..., Xy).

Thus Ep < E{max(X,,...,X,)}. O

As for computing the expectation of the maximum of
random variables, the task is complex unless the random
variables (field sizes) can be assumed to be independent.
In that case
E{max(X,. :/0 (1= [F(x)]"} dx.
Approximations of this expectation are available for many
distributions (e.g., Arnold et al. 1994). In particular, if
n is large, then for normal and exponential distribu-
tions the expectation grows logarithmically in n. For
the exponential distribution with mean 1/A, we have
E{max(X,,...,X,)} = (3 %,1/i)/A =~ (logn)/A, and the
convergence is thus quite fast. For the normal, the log
approximation requires a sample to be of about 100. There
are no such simple approximations for lognormal and
Pareto variables, but some recursive relations have been
derived (Amold et al. 1992, Johnson et al. 1994).

After E{max(X,,...,X,)} has been calculated/
approximated, as a function of n, we can take its expecta-
tion with respect to N.

INCREASED UNCERTAINTY: CONVEX ORDER"

We now wish to examine the implication for Ej of increas-

ing the variability of F. We consider. the convex order
F<,G let X ~F and Y ~ G be two random vanables
such that E[qb(X)] < E[¢(Y)] for all convex functlons ¢.
Then X is said‘to be smaller than Y in the convex order,

denoted as X <, Y or as F €, G. The random variable ¥
is then “more variable” than the random variable X (e.g.,
Shaked and Shanthikumar 1994). Note that random vari-
ables which are convex ordered may have the same mean.

If the X’s are independent (which we shall now assume),

B+l

Er(lz)_/f—5+—hdF(r,) dF(x,).

To prove that Ep(n) < E;(n) when F <, G, it is thus
sufficient to prove that the function

+1
Xy

G
«\'] + -+

is convex in Xi,...,x, (individually). We prove this for
B < 1. The range 0 < B < 1 is common in many stud-
ies, e.g., Chungcharoen (1997) uses £ = 0.82 in a study of
exploration for natural gas off Canada’s east coast.

LEMMA 1. If 0 < B <] then g(x,, ...,
x, {individually).

X,) Is convex in
Xy, ...

H n

PROOF. Let A = x 4... 4 x# Then

%‘ S LB+ DA g
AZ[ +(ﬂ+])x + +(B+])\] ”]
&g ,L 28! B-1, 8 .
= m 2B B DA G )]
~ S @D 44D

B 4P
- =

{T+B)GE+--+2F)
+(1-B)xf},

which is positive if 0 < 8 < 1. Now, for j +# 1,

ag XB + B 1

ax A (B )

-

) B+1_g-2

d'g Xy X,
T Lo nATaed]

which is also positive if 0 < 8 < 1. O

Let Wi(x,,...,x,) = f; g(x;,....x,)dF(x;). Since
g is convex in each x;, W, is convex in each of x,, ..., x,.
Now let
Wz(x3, ,x )Z/ ’Wl(xz, cesa Xy )dF(xz)- .

Then W2 is convex in each’ of xi,...
that manner, we finally get

Ern) = [ Wy, (x) dF (x,)

, x,. Continuing in
B - M
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When F <, G we have Wf < WF fori=1,...,n. Thus
we obtain

ProposITION 3. If0< B <1 and X, .
dent, then F <, G=E < E;. O

.., X, are indepen-

Thus, for 0 < B <€ 1, a more uncertain field-size distri-
bution, in the sense of convex order, results in a higher
expected size of the first field discovered. If the field sizes
are not independent, one needs to work with multivariate
convex order, which is not standard, so we shall not pur-
sue this.

The function g is not convex for 8 > 1. To explore
the effect of increased variability in that case, a different
approach is needed.

STANDARDIZED SIZES

Let Var(X,)=02,i=1,...,N. The X;’s need not be inde-
pendent. Define

X*=X/Jo, i=1,.,N.

Then Var(X}) =1 regardless of the variance of X,. Now

B+1 gy
X, o X,
N BT N B
Zi:l Xi Zi:l Xi
Thus
B+i *3+1
Xl — o F 1
Ll B o

Since the expectation on the right does not depend on ¢,
and is positive, its product with ¢ is clearly increasing in
o. So we proved

ProposiTION 4. Jf Var X, =a?,i=1, ...
and hence E, are increasing in .

.n, then Ep(n),

While this result holds for any S8, the convex ordering
result is stronger in the range where it applies (0 < 8 < 1).
since convex ordering is considerably more general than
ordering of variances. We thus included it.

Figure 1.
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CONCLUDING REMARKS

While our analysis focused on the first discovered field,
our qualitative observations will apply to the first several
discovered fields. Chungcharoen (1997) developed a sim-
ulation model of the hydrocarbon discovery process. The
model samples from a field size distribution and a number
of fields distribution, then follows a size-biased, sampling-
without-replacement representation of the discovery pro-
cess in a manner consistent with the expected value (1).
The model produces distributions of the total volume and
net present value of discoveries, for any specified number
and timing of exploratory wells. Figures 1 and 2 show the
calculated density functions for the case of 10 exploratory
wells seeking natural gas fields off Canada’s east coast.
Each diagram shows two density functions: the one with
the mode to the left is for the best estimates of all data,
including the standard deviation of the field size distribu-
tion; the one further to the right is for the same data except
for a doubling of the standard deviation of the field size dis-
tribution. Figures 1 and 2 clearly illustrate that an increase
in the variability of the field size distribution leads not only
to an increase in the variability of the volume or value
distributions, but also an crease in their expected values.
Indeed, it was this observation which motivatéd this Note.
There are two possible meanings for a measure of vari-
ability of field sizes. The first is that the variability is the
real dispersion of sizes, i.e., that there are in fact fields of
various known sizes, in unknown locations. The second is
that the standard deviation represents, in part, the real dis-
persion, but also, to some extent. our ignorance about the
dispersion of sizes. Regardless of the meaning, it makes
perfectly good sense for a risk-neutral decision maker to
prefer to explore in a region that has a larger variability
but the same mean value of field sizes. If the first meaning
of variability is valid, then the size-biased search process
will tend to find early the more prevalent large fields that
in fact exist in the higher-variability area. 1f, on the other
hand, the second meaning is more valid, then 1t 1s still rea-
sonable to prefer the more variable area because many such
decisions will. on average. lead to larger first discoveries
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Comparison of the distributions of the total volume between the cases of the regular standard deviation and
doubled standard deviation of the field size distribution for 10 exploratory wells.
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Figure 2.

Comparison of the distributions of the net present value between the cases of the regular standard deviation

and doubled standard deviation of the field size distribution for 10 exploratory wells.
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than would a policy of choosing the less variable area. We
cannot directly transfer our usual preference for less vari-
ability from, e.g., financial decisions, to the choice of areas
to explore via a size-biased search process.
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